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Abstract
We analyze the breaking of Lorentz invariance in a 3D model of fermion fields self-coupled through four-
fermion interactions. The low-energy limit of the theory contains various sub-models which are similar to
those used in the study of the graphene or in the description of irrational charge fractionalization.
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I. INTRODUCTION
Four-fermion models have played an important role for the development of conceptual as well
as practical aspects of quantum field theories. This observation is well illustrated by the works on
the Thirring and Nambu-Jona-Lasinio models. More recently four-fermion interactions have been
used in a variety of situations as in the study of phase diagrams relevant to the dynamics of high
temperature cuprates [1] and in the study of the low-energy physics of graphene [2]. Four-fermion
models have also been used in the investigation of the occurrence of Lorentz invariance breaking [3].
Although invariance under the continuous part of the Lorentz group, hereafter shortly referred
as Lorentz invariance, has been confirmed by many experiments, nowadays there is an increasing
interest in the outcomes of highly sensitive experimental tests aimed to detect tiny violations
of that symmetry in the standard model [4]. Those deviations are expected to be low-energy
manifestations of more fundamental theories unifying all known forces [5]. To investigate this
possibility, a standard model extension (SME) was constructed [6]. In that model, through the
Higgs mechanism, tensor fields acquire nonzero vacuum expectation values (VEV) breaking Lorentz
invariance spontaneously. The possible occurence of dynamical Lorentz symmetry breaking, a
spontaneous breaking triggered by radiative corrections, in a self-interacting fermionic theory was
considered in [7].
The analysis above described were carried out in four dimensions, the investigations of Lorentz
symmetry breakdown in 2+1 dimensions being sparse [8, 9], in spite of, as mentioned before, its
potential applications to condensed matter systems. We should emphasize that differently of the
4D four-fermion model [7], the 3D four-fermion model considered in this work is power counting
renormalizable in the 1/N expansion [10, 11, 12].
In this work, we will examine the possibility of causing a dynamical Lorentz symmetry breaking
starting from self-interacting fermionic models which allow the induction of mixed Chern-Simons
terms. As a mass-generating mechanism which preserves parity (P) and time-reversal (T), this
doubled (or mixed) Chern-Simons term was first considered in [13]. Recently, it was shown that
a low-energy effective theory for the fractional charge particles (portrayed by a honeycomb lattice
[14], the lattice relevant to graphene [15]) may be expressed in terms of a doubled Chern-Simons
theory [16, 17]. We also study a dynamical T (and P) symmetry breaking in which a conventional
Chern-Simons term is induced. The breaking of the T symmetry has been recently used for a
low-energy effective theory for the irrational fractional charge excitations [18].
This paper is organized as follows. In Section II we introduce the model and the notations. In
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Section III we fix the conditions for stable vacua what gives rise to Lorentz and T (and P) violating
VEV’s. In Section IV, we prove that, due to Lorentz-violation, radiative corrections induce mixed
Chern-Simons terms. Interesting enough, the low-energy effective Lagrangian obtained is similar to
the one produced by integrating out the Dirac fermions on the graphene honeycomb lattice [16, 17].
This is discussed in the Section V as well as the effective Lagrangian for systems with irrational
fractional charge [18]. Section VI contains a summary of results.
II. THE MODEL
We begin by considering the fermionic model specified by the Lagrangian density
L0 = ψ¯(i∂/−m)ψ −
GS
2
(ψ¯ψ)2 −
GP
2
(ψ¯iγ5ψ)
2 −
GV
2
(ψ¯γµψ)
2 −
GV3
2
(ψ¯γ3ψ)
2
−
GA
2
(ψ¯γµγ5ψ)
2 −
GA3
2
(ψ¯γ3γ5ψ)
2 −
GT
2
(ψ¯γµγ3γ5ψ)
2 −
GT3
2
(ψ¯iγµγ3ψ)
2, (1)
where ψ is a four-component spinor. For the three 4×4 γµ matrices (µ runs from 0 to 2) we choose
the representation [12]
γ0 =

 σ3 0
0 −σ3

 , γ1 =

 iσ1 0
0 −iσ1

 , γ2 =

 iσ2 0
0 −iσ2

 .
The other two 4× 4 matrices, γ3 and γ5, that anticommute with γµ, are given by
γ3 =

 0 i
i 0

, and consequently γ5 = iγ0γ1γ2γ3 =

 0 i
−i 0

,
so that (γ3)2 = −1, (γ5)2 = 1, and tr(γµγνγλγ3γ5) = −4iǫµνλ. By using the identity γ5σµν =
ǫµνλγ
3γλ (where σµν =
i
2 [γµ, γν ]) we observe that in Eq. (1) we have included all the possible
formally Lorentz invariants quadrilinear self-interaction terms. In order to rewrite the Lagrangian
(1) in a more compact form, let us define the matrices
ΓI = {1, γ5, γµ, γ3, γµγ5, γ3γ5, γµγ3γ5, γµγ3}, (2)
where the index I assumes the values S,P, V, V3, A,A3, T, T3 (with ΓS = 1, ΓP = γ5, and so on),
so that we have
L0 = ψ¯(i∂/−m)ψ −
GI
2
(ψ¯ΓIψ)(ψ¯Γ
Iψ). (3)
An arbitrary linear combination of quadrilinears I = S,P, V3, A, T, T3 does not induce any
Chern-Simons terms. Furthermore, the quadrilinears I = P, V,A3, T, T3 induce the same Chern-
Simons terms as the linear combinations of I = V, V3, A,A3, T . Thus, to avoid duplicity in the
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structure of the induced effective Lagrangian we will consider only the basic interaction given by
a linear combination of
ΓI = {γµ, γ3, γµγ5, γ3γ5, γµγ3γ5}, (4)
i.e., I takes only the values V, V3, A,A3, T . These quadrilinears induce three distinct mixed and one
conventional Chern-Simons terms. Among the mixed Chern-Simons terms, two exhibit spontaneous
Lorentz symmetry breaking (quadrilinears I = V, V3 and I = A,A3, with VEV 〈ψ¯ΓAψ〉 6= 0) and
one does not (quadrilinears I = V, T ). The quadrilinear I = A, with VEV 〈ψ¯ΓA3ψ〉 6= 0, induces
the conventional Chern-Simons term which exhibits a spontaneous T (and P) symmetry breaking.
The bilinears ψ¯ΓIψ of these quadrilinears possess the discrete symmetries under the parity
transformation defined as P: ψ → iγ1γ3ψ, which implies in
ψ¯ψ(t, x, y)→ ψ¯ψ(t,−x, y),
ψ¯γ5ψ(t, x, y)→ ψ¯γ5ψ(t,−x, y),
ψ¯γµψ(t, x, y)→ ψ¯{γ0,−γ1, γ2}ψ(t,−x, y)
ψ¯γ3ψ(t, x, y)→ −ψ¯γ3ψ(t,−x, y),
ψ¯γµγ5ψ(t, x, y)→ ψ¯{γ0,−γ1, γ2}γ5ψ(t,−x, y),
ψ¯γ3γ5ψ(t, x, y)→ −ψ¯γ3γ5ψ(t,−x, y),
ψ¯γµγ3γ5ψ(t,−x, y)→ ψ¯{γ0,−γ1, γ2}γ3γ5ψ(t,−x, y),
(5)
the charge conjugation transformation defined as C: ψ → ψ¯γ0γ1, which implies in
ψ¯ψ → ψ¯ψ,
ψ¯γ5ψ → −ψ¯γ5ψ,
ψ¯γµψ → −ψ¯γµψ,
ψ¯γ3ψ → ψ¯γ3ψ,
ψ¯γµγ5ψ → −ψ¯γµγ5ψ,
ψ¯γ3γ5ψ → ψ¯γ3γ5ψ,
ψ¯γµγ3γ5ψ → ψ¯γµγ3γ5ψ.
(6)
The time-reversal transformation is the product of complex conjugation operator and an unitary
4
operator. We choose ψ → γ2γ3ψ, what implies
ψ¯ψ(t, x, y)→ ψ¯ψ(−t, x, y),
ψ¯γ5ψ(t, x, y)→ −ψ¯γ5ψ(−t, x, y),
ψ¯γµψ(t, x, y)→ ψ¯{γ0,−γi}ψ(−t, x, y)
ψ¯γ3ψ(t, x, y)→ ψ¯γ3ψ(−t, x, y),
ψ¯γµγ5ψ(t, x, y)→ ψ¯{−γ0, γi}γ5ψ(−t, x, y),
ψ¯γ3γ5ψ(t, x, y)→ −ψ¯γ3γ5ψ(−t, x, y),
ψ¯γµγ3γ5ψ(t,−x, y)→ ψ¯{−γ0, γi}γ3γ5ψ(−t, x, y).
(7)
The above transformations will be useful to analyze the induced Chern-Simons terms.
III. EFFECTIVE POTENTIAL
The self-interaction terms in Eq. (1) may be eliminated through the introduction of the auxil-
iaries fields AI = {Vµ,Θ, Aµ,Φ, Tµ}, so that the Lagrangian can be rewritten as
L = L0 +
g2I
2
(
AI −
eI
g2I
ψ¯ΓIψ
)2
=
g2I
2
AIA
I + ψ¯(i∂/−m− eIAIΓ
I)ψ, (8)
where GI = e
2
I/g
2
I and ΓI is defined as in (4). By integrating over the fermion fields, the functional
generator
Z(η¯, η) =
∫
DAIDψDψ¯e
i
R
d3x(L+η¯ψ+ψ¯η) (9)
yields
Z(η¯, η) =
∫
DAI exp
[
iSeff [A] + i
∫
d3x
(
η¯
1
i∂/−m− eIAIΓI
η
)]
, (10)
where the effective action is given by
Seff [A] =
g2I
2
∫
d3xAIA
I − iTr ln(i∂/−m− eIAIΓ
I) (11)
and Tr stands for the trace over Dirac matrices as well as the integration in momentum or coordinate
variables. Thus, the effective potential turns out to be
Veff = −
g2I
2
AIA
I + i tr
∫
d3p
(2π)3
ln(p/−m− eIAIΓ
I), (12)
5
where the classical fields AI are in a coordinate independent configuration. As we are interested
in verifying the existence of nontrivial minima, we look for solutions of the equations
∂Veff
∂AI
∣∣∣
A=b/e
= −
g2I
eI
bI − iΠI(m) = 0, (13)
where bI = {vµ, θ, bµ, φ, tµ} are the minima and
ΠI(m) = tr
∫
d3p
(2π)3
i
p/−m− b · Γ
(−ieI)Γ
I (14)
is the one-loop tadpole amplitude. From this point on we will use b · Γ = bIΓ
I .
To evaluate the above integrals, we will follow the perturbative route where the free propagator
is the usual one, S(p) = i(p/ −m)−1, and the integrands are expanded in powers of −ib · Γ. We
proceed systematically by introducing a graphical representation so that, with the Feynman rules
indicated in Fig. 1, the contribution to ΠI are shown in Fig. 2. The first graph vanishes, but unlike
what happens in four dimensions [7], the third graph (with two insertions) as well as graphs with
more than three insertions do not vanish. Using Pauli-Villars regularization with a regulator mass
M and renormalization spot µ, the system of five equations with five unknowns implicit in Eq. (13)
becomes
−
1
GV
eV v
µ = 0, (15)(
−
1
(GV3)R
+
m− µ
π
+
θ2
2πm
+
φ2
πm
−
t2
πm
+
b2
2πm
+ · · ·
)
eV3 θ + eV3
b · t
π
+ · · · = 0, (16)(
−
1
(GA)R
−
m− µ
π
+
θ2
2πm
+
φ2
3πm
+
t2
3πm
−
b2
6πm
+ · · ·
)
eAb
µ +
(
θ
π
−
2b · t
3πm
+ · · ·
)
eA t
µ = 0, (17)(
−
1
(GA3)R
+
2(m− µ)
π
+
θ2
πm
+
b2
3πm
+ · · ·
)
eA3 φ = 0, (18)(
−
1
GT
−
θ2
πm
+
b2
3πm
+ · · ·
)
eT t
µ +
(
θ
π
−
2b · t
3πm
+ · · ·
)
eT b
µ = 0, (19)
where the ellipsis stand for terms with more than three insertions of −ib ·Γ and we have introduced
the renormalized coupling constants
1
(GV3)R
=
1
GV3
+
M + µ
π
, (20)
1
(GA)R
=
1
GA
−
M + µ
π
, (21)
1
(GA3)R
=
1
GA3
+
2(M + µ)
π
. (22)
Note that the GV and GT coupling constants are finite and then are not renormalized. Analysing
these equations, we proceed as follows:
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(i) From Eq. (15) we observe that 〈Vµ〉 = vµ/eV = 0.
(ii) As can be verified, the VEV 〈Tµ〉 = tµ/eT does not generate any Chern-Simons term, so,
without loss of generality we can take tµ = 0.
(iii) With the choice tµ = 0, the ellipsis in the second parenthesis of Eq. (19) contains only
powers of θ. Besides that, as in the situation in which dynamical Lorentz symmetry breaking
occurs, bµ 6= 0, the expression inside the parenthesis must vanish. We enforce this last requirement
by choosing θ = 0 (as the determination of other nontrivial zeros is unfeasible).
(iv) Adopting the above restrictions, we conclude that the possible nonvanishing VEV’s are
〈Aµ〉 = bµ/eA and 〈Φ〉 = φ/eA3 , and thus only the Eqs. (17) and (18) need to be considered.
(v) To have more insight on the gap equations mentioned in the previous item, we analyze them
with more than three insertions. Up to seven insertions, we have(
−
1
(GA)R
−
m− µ
π
+
φ2
3πm
−
b2
6πm
−
φ2b2
10πm3
+
b4
40πm3
+
3φ2b4
56πm5
−
b6
112πm5
+ · · ·
)
eAb
µ = 0,(23)(
−
1
(GA3)R
+
2(m− µ)
π
+
b2
3πm
−
b4
20πm3
+
b6
56πm5
+ · · ·
)
eA3 φ = 0.(24)
As the general solution for these gap equations is not feasible, we fix bµ to be lightlike, i.e., b
2 = 0,
so that
(GA3)R =
π
2(m− µ)
, (25)
and
φ2 =
3πm
2
(
1
(GA3)R
+
2
(GA)R
)
. (26)
Therefore, if the parenthesis in the above equation is positive, a nontrivial vacuum expectation value
for the auxiliary scalar field will exist. In the following, we will see that due to the nonvanishing
VEV’s 〈Aµ〉 and 〈Φ〉, mixed and the conventional Chern-Simons terms will occur, respectively.
IV. INDUCED MIXED AND CONVENTIONAL CHERN-SIMONS TERMS
Let us now study the fluctuations around the nontrivial minima of the potential. Writing
AI → bI/eI + AI , where bI = {0, 0, bµ, φ, 0} and AI = {Vµ,Θ, Aµ,Φ, Tµ}, so that now 〈AI〉 = 0,
the generating functional (10) becomes
Z(η¯, η) =
∫
DAI exp
[
iSeff [A, b] + i
∫
d3x
(
η¯
1
i∂/−m− b · Γ− eIAIΓI
η
)]
, (27)
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and the effective action is given by
Seff [A, b] =
∫
d3x
(
g2I
2
AIA
I +
g2I
eI
AIb
I +
g2I
2e2I
bIb
I
)
− iTr ln(i∂/−m− b · Γ− eIAIΓ
I). (28)
In Eq. (27), up to a field independent factor which may be absorbed in the normalization of the
generating functional, we may replace Seff [A, b] by the Pauli-Villars regulated expression∫
d3x
(
g2I
2
AIA
I +
g2I
eI
AIb
I
)
+ S′eff [A, b], (29)
where
S′eff [A, b] = lim
M→∞
(
S′eff [A, b,m]− S
′
eff [A, b,M ]
)
(30)
with
S′eff [A, b,m] =
∞∑
n=1
S(n)[A, b,m], S(n)[A, b,m] = iTr
1
n
[
i
i∂/−m− b · Γ
(−ieI)AIΓ
I
]n
. (31)
The formally divergent contributions in this formula are the tadpole, the self-energy, and the three
point vertex function of the field AI . The tadpole is given by
S
(1)
eff [A, b,m] = iTr
i
i∂/−m− b · Γ
(−ieI)AIΓ
I
= i
∫
d3xΠI(m)AI , (32)
where ΠI = {0, 0,ΠA,ΠA3 , 0} is part of the gap equations (13) evaluated in (23) and (24), with
ΠA =
(
M
π
−
m
π
+
φ2
3πm
)
ieAb
µ, (33)
ΠA3 =
(
−
2M
π
+
2m
π
)
ieA3φ. (34)
The self-energy term, which corresponds to n = 2, yields
S
(2)
eff [A, b,m] =
i
2
Tr
i
i∂/−m− b · Γ
(−ieI)AJΓ
J i
i∂/−m− b · Γ
(−ieI)AIΓ
I
=
i
2
∫
d3xAIΠ
IJ(m)AJ , (35)
with
ΠIJ(m) = tr
∫
d3p
(2π)4
i
p/−m− b · Γ
(−ieI)Γ
I i
p/ − i∂/−m− b · Γ
(−ieJ)Γ
J . (36)
By expanding in powers of b · Γ, the above result can be expressed graphically as in Fig. 3. The
second and third graphs are separately finite and furnish mixed and conventional Chern-Simons
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terms due to the nonvanishing VEV’s 〈Aµ〉 and 〈Φ〉, whereas the first graph furnishes a mixed
Chern-Simons term which does not break any symmetry. The divergent terms appear only from
the first graph, where the Pauli-Villars regularization will also be used. By combining all the
results, we get
ΠV V = −
ie2V
6πm
(gµν− ∂µ∂ν)−
ie2V
πm
bµbν , (37)
ΠV3V3 =
(
−
M
π
+
m
π
+

4πm
)
ie2V3 +
ie2V3φ
2
πm
, (38)
ΠAA = gµν
(
M
π
−
m
π
+
φ2
3πm
)
ie2A −
ie2A
12πm
(gµν− ∂µ∂ν)
+
ie2A
12πm
∂µ∂ν −
ie2Aφ
3πm
ǫµλν∂λ −
4ie2A
3πm
bµbν +
2ie2Aφ
2
3πm
gµν , (39)
ΠA3A3 =
(
−
2M
π
+
2m
π
+

6πm
)
ie2A3 , (40)
ΠTT = −
ie2T
6πm
(gµν− ∂µ∂ν)−
ie2T
πm
bµbν , (41)
for the diagonal part of ΠIJ , whereas for the off-diagonal we have
ΠV V3 = −ΠV3V =
ieV eV3
2πm
ǫµνλbν∂λ, (42)
ΠV3T = ΠTV3 = −
i
π
eV3 eT b
ν , (43)
ΠV T = −ΠTV =
i
π
eV eT ǫ
µλν∂λ, (44)
ΠAA3 =
ieA eA3
6πm
ǫµλνbν∂λ −
2ieA eA3
3πm
φ bµ, (45)
ΠA3A =
ieA eA3
6πm
ǫµλνbµ∂λ −
2ieA eA3
3πm
φ bν , (46)
where we disregarded terms of order of /m2, and higher. In these equations we see that the mixed
Chern-Simons terms are in the off-diagonal part of ΠIJ and the ΠAA component has a conventional
Chern-Simons term due to the VEV 〈Φ〉 6= 0. The other terms are kinetic, mass, and a gauge-fixing
terms, and terms that complement the displaced bumblebee potential [7].
In the third term of the series in Eq. (31), depending on which matrices are in the (−ieI)Γ
I
vertex, the Furry theorem may be applicable. Thus, we have
S
(3)
eff [A, b,m] =
i
3
∫
d3xΠIJK(m)AIAJAK , (47)
where
ΠIJK(m) = tr
∫
d3p
(2π)4
i
p/−m− b · Γ
(−ieI)Γ
I i
p/ − i∂/−m− b · Γ
(−ieJ )Γ
J
×
i
p/ − i∂/ − i∂/′ −m− b · Γ
(−ieK)Γ
K . (48)
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In the above formula the derivatives ∂/ and ∂/′ act on AI and AJ , respectively. The expansion of
this expression in power series of b · Γ is given by the graph expansion of Fig. 4. Evaluating the
trace over the Dirac matrices, the first graph vanishes, whereas the leading terms (in the expansion
in /m2) of the other graphs yield
ΠAA3A3 = ΠA3AA3 = ΠA3A3A =
ieA e
2
A3
3πm
bµ (49)
ΠAAA3 = ΠAA3A = ΠA3AA =
ie2A eA3
3πm
φgµν (50)
ΠAAA =
ie3A
3πm
(gµνbλ + gµλbν + gνλbµ). (51)
In order to complete the displaced bumblebee potential we also consider the fourth term of the
series in (31), where the leading contribution is given by
S
(4)
eff =
∫
d3x
[
e4A
24πm
(AµA
µ)2 −
e2A e
2
A3
12πm
Φ2AµA
µ
]
+O
(

m2
)
. (52)
By performing the renormalization of the coupling constants as before, disregarding terms with
n > 4 and O(/m2), the results obtained so far allow us to write the effective Lagrangian as
L = LK+M+GF + LCS + LBB , (53)
where LK+M+GF represents the kinetic, mass and a gauge-fixing terms,
LK+M+GF =
g2V
2
VµV
µ −
e2V
24πm
F 2µν(V ) +
e2V3
8πm
(∂µΘ)
2 −
e2A
48πm
F 2µν(A) +
e2A
24πm
(∂µA
µ)2
+
e2A3
12πm
(∂µΦ)
2 +
g2T
2
TµT
µ −
e2T
24πm
F 2µν(T ), (54)
LCS the mixed and conventional Chern-Simons terms,
LCS = −
eV eV3
2πm
Θ ǫµλνbµ∂λVν −
eV eT
π
ǫµλνVµ∂λTν +
eV3 eT
π
Θ gµνbµTν
+
eA eA3
6πm
Φ ǫµλνbµ∂λAν +
e2A
6πm
φ ǫµλνAµ∂λAν , (55)
and LBB the displaced bumblebee potential,
LBB =
e4A
24πm
(
AµA
µ −
4
eA
A · b
)2
+
e2Ae
2
A3
12πm
(
Φ−
2
eA3
φ
)2
AµA
µ
+
eA e
2
A3
3πm
(
Φ−
2
eA3
φ
)
ΦA · b+
e2V
πm
(V · b)2 +
eTV
πm
(T · b)2, (56)
with Fµν(A) = ∂µAν − ∂νAµ. As we will see in the next section, the Eq. (53), that from now
on we call master Lagrangian, contains various models relevant to the study of condensed matter
systems.
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V. LOW-ENERGY EFFECTIVE THEORY FOR FRACTIONAL PARTICLES
An example of charge fractionalization in 2+1 dimensions is provided by the fractional quantum
Hall effect, where the T symmetry is broken by a strong external magnetic field. Recently, it
has been presented in the literature systems that exhibit charge fractionalization without the
breaking of T symmetry [19], and it has been argued that the low-energy effective theory for these
systems contains a mixed Chern-Simons term [16, 17]. By restricting our analysis to different
sets of quadrilinears able to dynamically induce low-energy effective theories with mixed Chern-
Simons terms, we investigate the three dimensional Lorentz symmetry violation in a “relativistic”
condensed matter system (graphene).
Let us then analyze separately the models obtained by the dynamical Lorentz symmetry break-
ing, i.e. with bµ 6= 0 starting with various sets of quadrilinears. Observing the master Lagrangian
(53), we note that the first induced model is the sector of Vµ and Θ fields, obtained by starting
with the quadrilinears I = V, V3, A only, yielding the Lagrangian
LΘV =
e2V3
8πm
∂µΘ∂
µΘ+
g2V
2
VµV
µ −
e2V
24πm
F 2µν(V )−
eV3 eV
2πm
Θ ǫµλνbµ∂λVν
−
e2A
48πm
F 2µν(A) +
e2A
24πm
(∂µA
µ)2, (57)
where 〈Aµ〉 = bµ behaves like an external background field in the mixed Chern-Simons term. For
simplicity, here and in what follows we are not writing the bumblebee terms apropriate for the
specified choice of the starting quadrilinears.
As the Aµ field in the above expression decouples, we will disregard the last two terms. Thus,
by introducing ϑ(x) = xµb
µ ± C where C is a constant, we can rewrite the Lagrangian (57) up to
a surface term as
LΘV =
e2V3
8πm
∂µΘ∂
µΘ+
g2V
2
VµV
µ −
e2V
24πm
F 2µν(V ) +
eV3 eV
2πm
ϑ ǫµλν∂µΘ ∂λVν . (58)
Another induced model, obtained by starting with the quadrilinears I = V3, A, T , mixes the
sectors of Θ and Tµ fields, but, as we can verify it does not contain a Chern-Simons-like term.
Finally, let us consider the model which have a mixed Chern-Simons term and a conventional one,
obtained by starting from the quadrilinears I = A,A3, given by
LΦA =
e2A3
12πm
∂µΦ∂
µΦ−
e2A
48πm
F 2µν(A)−
eA3 eA
6πm
ϑ ǫµλν∂µΦ ∂λAν
+
e2A
6πm
φ ǫµλνAµ∂λAν +
e2A
24πm
(∂µA
µ)2. (59)
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By making the choice φ = 0, eA3 = m, and ∂µΦ = Bµ we obtain
LΦA = −
e2A
48πm
F 2µν(A) +
m
12π
BµB
µ −
eA ϑ
6π
ǫµλνBµ∂λAν +
e2A
24πm
(∂µA
µ)2, (60)
which, up to an adjustment of numerical constants and the presence of the Lorentz violation effect
implicit in ϑ(x), is the low-energy effective theory for graphene discussed in [16, 17]. As argued in
[17], the use of four component Dirac fermions is very important to construct a model describing
a T preserving system. In the graphene the fermionic indices are associated to two Dirac points
and two sub-lattices. Under time reversal, these two sub-lattices components transform between
themselves and by radiative corrections generate the double Chern-Simons term.
An important difference between the models in the Eqs. (58) and (60) is the presence of the
mass term for Vµ field in Eq. (58) which limits its effects to short distances.
Let us now choose bµ = 0, i.e. no Lorentz symmetry breaking, and keep the other choices as
before (in particular θ = 0). We start from the quadrilinears I = V3, A,A3, so that the master
Lagrangian becomes
LΦΘA =
e2A3
12πm
∂µΦ∂
µΦ+
e2V3
8πm
∂µΘ∂
µΘ−
e2A
48πm
F 2µν(A)+
e2A
6πm
φ ǫµλνAµ∂λAν+
e2A
24πm
(∂µA
µ)2. (61)
Note that the Lagrangian (61) is similar to the one discussed in the Ref. [18] to study the irrational
charge fractionalization. However to describe charge fractionalization we would have to include
from the start the quadrilinears I = S,P and take Aµ and Φ both equal to zero. More precisely,
one would begin with the quadrilinears I = S,P, V3 so that the corresponding auxiliary fields would
be identified with the components of the background parameters considered in [18]. As shown in
that reference, the vacuum expectation value of the fermionic current, perturbatively computed in
a derivative expansion, corresponds to a topological identically conserved current which exhibits
irrational charge (the charge becomes rational if the field Aµ is introduced). Time reversal can be
spontaneously broken by adding the quadrilinear A3 to the starting Lagrangian and requiring that
the corresponding auxiliary field have a nonvanishing vacuum expectation value.
Besides these induced Lorentz and discrete symmetries violating models we have a model that
does not break any symmetry, by considering the quadrilinears I = V, T , given by
LV T =
g2V
2
VµV
µ −
e2V
24πm
F 2µν(V ) +
g2T
2
TµT
µ −
e2T
24πm
F 2µν(T )−
eV eT
π
ǫµλνVµ∂λTν . (62)
Actually, the last term in the above expression is absent if the Pauli-Villars regularization is used,
nevertheless it may be present in the another regularization scheme.
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By using the P, C, and T transformation properties of the bilinears associated to the fields
AI , Eqs. (5), (6) and (7), respectively, we constructed the Table 1 for the radiatively induced
Chern-Simons terms.
LCS C P T CPT
ϑ ǫµλν∂µΘ ∂λVν − + + −
ϑ ǫµλνBµ∂λAν − + + −
φ ǫµλνAµ∂λAν + − − +
ǫµλνVµ∂λTν + + + +
Table 1: Discrete-symmetry properties for the Chern-Simons terms.
VI. SUMMARY
In this work we studied the breaking of Lorentz symmetry in a 3D four-fermion theory with es-
pecial emphasis on those interactions which allow for the generation of Chern-Simons terms. In the
low-energy regime, the model contains various sub-models with important connections to the con-
densed matter systems. If the breaking is triggered by a non-vanishing VEV of the composite field
ψ¯γµγ5ψ a mixed Chern-Simons term is generated. As discussed elsewhere, this term is important
for a time-reversal preserving description of the dynamics of the graphene. It is interesting to men-
tion that the Lagrangian (59) is the dimensional reduction of a four dimensional Lorentz-violating
Maxwell-Chern-Simons model [9]. We also considered the dynamical break of the time-reversal
symmetry, but preserving the Lorentz invariance; in this setting an effective Lagrangian similar to
the one used in the study of the irrational charge fractionalization was generated.
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FIG. 1: Feynman rules. Continuous and wave lines represent the fermion propagator and the auxiliary field,
respectively. The cross indicates the −ibJΓ
J insertion in the fermion propagator and the trilinear vertex
corresponds to (−ieI)Γ
I
FIG. 2: Contributions to the tadpole ΠI
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FIG. 3: Contributions to the vacuum polarization Πµν
FIG. 4: Contributions to the three-point Πµνρ
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